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ABSTRACT 
 

In this paper we present two models of a three node recurrent neural networks. In the first model a closed 
recurrent neural network generates a limit cycle. We have shown that the solution given by the system of 
nonlinear coupled differential equations is bounded and besides trivial equilibrium the network has a 
unique equilibrium point. The second model describe an open  recurrent neural network agreed by the 
nonlinear coupled differential equations with bounded solution having no closed orbits around the unique 
equilibrium point.  
 

Keywords: Equilibrium Point, Limit Cycle, Lyapunov Functionals, Contraction  Mapping Principle, 

Bendixson’s Criteria. 

  
 
1. INTRODUCTION  
 
The existence of self modification network gives 
rise to a wide range of future applications for 
example in industries some machines are required 
to perform repetitive task therefore the focus of 
research in neural network is shifted to develop a 
network that gives periodic solutions. Amari [2] 
and Hopfield [5] were first to describe neural 
network with recurrent relation, such configuration 
have the future of generating diverse response. 
Aditya and Baldi [1] has shown various RNN’S  to 
possess periodic solution. Pearlmutter [6] has 
described that a fully interconnected five 
dimensional RNN that generate a stable limit cycle 
by  using steepest descent algorithm.  
Hopf bifurcation method provide a certain classes 
of RNN to generate stable limit cycles this method 
used to resolve parameter ranges for which such 
limit cycles exist. Townley, Iichmann, WeiB, 
Mcclements, Ruiz, Owens and pretzel-wolters [9] 
has applied monotone dynamical system theory for 
three node  RNN and describe a well define set of 
parameters that generically every orbit of RNN is 
asymptotic to a periodic orbit. Gao and Zhang [3] 
has studied qualitatively the equilibria of a three 

node RNN and shown that their exist more than 
one equilibrium points. 

Our work is inspired by Ruiz and Owens [8] in 
which they has shown a ring like RNN is able to 
learn and replicate a particular class of time  
varying periodic signals, here we present two 
models of a three node recurrent neural networks. 
These models are three nonlinear coupled equations 
having unique equilibrium point and bounded 
solution. We have shown that without ring like 
structure RNN can still generate a limit cycle.  
   
2. CLOSED MODEL 
 
In this model we study three node RNN’s with 

fixed weights 

                             X1 
  U(t)                                    W1  
                                                         X3 
                                                                           Y (t) 
 
                                                W2   
                             X2                        
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In this figure U(t) and Y (t) are the input and output 

respectively of the network. In this closed network 

U(t) = Y(t)This  neural network is given by the 

system of differential equations. 

                                   (1)                                                              
                                   (2)                                                                                                  

                                                            
                                                                              (3)               
  Y (t) = tan h(X3 (t)) 
 
Where X (t)  Rn is the state vector, Wi  R, i =1,2 

are the network parameter of weights. If the 

linearization at X = 0 has a pair of complex 

conjugate poles with positive real pole and one 

negative real pole, then this is an unstable 

equilibrium ie. saddle. At X=0 combined with 

boundness of the solution forces the system to 

generate a limit cycle. Ruiz, Owens and Townley 

[8]. 

The liberty  in selecting  W1 and W2 in the system 

(1)-(3) permit us to resolve the position of the pole 

of linearized system and so affect the amplitude and 

frequency of the corresponding limit cycle. 

The linearization of (1)-(3) at X =0 given by 

 
 

                                                                      
                               (4) 

 
Let  

A=       

 
The roots of the characteristic polynomial is  A -λI 
= 0 given by. 
              
   (-1- λ)3  - (-1- λ) W2 + (1+ λ) W1 = 0 
Let 
 f(λ) : = - [1+λ3 + 3 λ2 + 3 λ] +(1+ λ )W2 +(1+ λ)    (5) 
 
Differentiating (5)  
 
     f '(λ) : =   3λ2 + 6 λ + 3 - W2 – W1 = 0          (6)  
              

The roots of (6) are given by. 

       ,     (7)     
substituting the value of λ1  in (5) we get 

 

 
 (W1 + W2) = 0                                                      (8) 
 

W1+W2 = 0                                                       (9) 
                                                                                                
Ruiz, Owens and Townley [8] has prove that a 
necessary and sufficient condition for f(λ) to have a 
pair of complex conjugate roots is  that f (λ1) f (λ2)  
> 0. From (5) and (7) we obtain 

 
     f (λ1) f (λ2)  =                           (10)         

 
from (8) f (λ1) f (λ2)  = 1, therefore the system (4) 
generate a limit cycle at the origin.  
In the view of equation (1) and (2) implies that X1 = 
X2  
 
Theorem1. The set of equation (1), (2), and (3) 
gives a stable solution and there exist a lyapunov 
function, subject to the following conditions. 
 
1. |W1| = |W2| = |W|   

2. X1 = X2 = X 

Proof . From (1) ,(2) and (3) we obtain the 
following equation 
                

                             (11)                                      
                     (12) 
 
Consider  lyapunov function defined by  

 

                                 (13)       
Calculating the upper right derivative D+V of V 
along the solution of (11) and (12) 
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 Substituting the value of   and  from (11) 
and (12) we obtain 
 
D+V ≤ -|X| +|tan h (X3)|-|X3|+2|W| 
 |tan h (X)|+ |tan h X3(t)-tan h X3(0)| 
    + 2|W| [ |tan h X(t)- tan h X (0)| ]         
 
D+V ≤ - |X| - |X3| + 2|tan h (X3) |+4|W| |tan h X (t)| 
                                                                           (14) 
In the view of (14)    

 

 
                                                                            (15) 
It follows from (13) and (15) that V(t) is bounded 

an , boundness of V(t) an  implies 

that (X , X3) are bounded an  

Theorem 2.  The system  
and has a unique 
equilibrium point subject to the following 
condition. There exists number  such that   

,                         
and  
There exists a unique equilibrium  of (11) 
and (12)  

 ,  
 
Proof.  From equation (11) and (12) 

(D+1) X = tan h (X3(t))                                      (16)                                                                                           

(D+1) X3  =  2 |W| |tan h (X(t))                          (17) 

multiplying (16) and (17) by X3 and  X  respectively 

we obtain    

 
 
the arbitrary solution of equation(11) and (12) 

satisfies  

K Sech2(X3(t))+(K-1) tanh (X3(t)) =0                (18) 

K Sech2(X(t))+(K-1) tanh (X(t)) =0                   (19) 

where K is an  integration constant. From (18)and 

(19)we derive an invariant set Ω ⊂ R2n defined by  

 Ω ={X3,X :KSech2(X3i(t))+(K-1) tanh(X3i(t))=0,  

      K Sech2(Xi(t))+(K-1) tanh(Xi(t))=0 }, i=1……n      
 

If (11) and (12) has an equilibrium point then it is  
fixed point of the mapping  F : Ω → R2n defined by   
 
          

 
Where,  

F1 (X, X3) = 2 |W| tan h(X(t))                             (20) 

F2 (X, X3) = tan h (X3(t))                                    (21)                                     

If (X1, X31) and (X2, X32) are two point of Ω then  

||F1 (X1, X31) – F (X2, X32)|| =               

 

                                       

 

 

                                  (23)       

 We have used that for some θ   (0,∞) satisfy  

  

 

The mapping F is continuous and F (Ω)  Ω It 
follows from (23) that F is a contraction on Ω. By 
the contraction mapping principle, we conclude that 
there exist a unique equilibrium point say (X*, X3

*) 
such that F (X*, X3

*) = (X*, X3
*), and the proof is 

complete.  
 
3. TRAINING OF THE MODEL 

The learning competence of recurrent neural 
network define  by  the  equation (1)-(3),  with the 
initial time at t = t0, here a periodic signal sinhX3 
(t), sinX3(t) or sint is fed as input to the network. 
From initial time t0 = 0.0 sec up to a time  t = 2 sec, 
the network (1) to (3) modify its parameters W1 and 
W2.Once the  network  is  trained the output  
tanhX3(t)  is   fed back so as to replace  the initial  
period signal  sinhX3 (t), sinX3(t) or sint. 
Further consider the recurrent neural network 
described by the system      
                                                                           

                                                                                         
                   

                                                             
                                                                            (24) 
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With   X (t)   R3 , X(0) ≠ 0 and u(t) given by 

 
                                                                                      (25) 

                                                                                     

When t0 = 1.8 sec, the weight  and are 
updated by minimizing by energy function  
 
   E (t)  = ½ [ y(t) – u(t) ]2                                             (26) 

Such a gradient descent approach is used by Ruiz, 
Owens and Townley[8] they described the equation  
           
 (∂E /∂W1) = (y – u) [(1-tanh2(X3(t)) –cosh(X3(t)) or  
                     cos(X3(t))(cost)] ∆d tanh2(X1(t)) 
 
 (∂E /∂W2) = (y – u) [(1-tanh2(X3(t)) –cosh(X3(t)) or  
                     cos(X3(t))(cost)] ∆d tanh2(X2(t)) 
 
The differential operator ∆d was incorrect and the 
correct one is given by ∆d : = (1+d/dt)-1with the 
auxiliary variables V1,V2 defined as V1:= (∂E 
/∂W1), V2:= (∂E /∂W2), we then have 
 
  = -V1 + tanh(X1(t))  
   = -V2 + tanh(X2(t))                                       (27)                                                             
 
and updates the rules for W1, W2  (Ruiz, Owens and  
Townley, [8] ). 
 

   = η (∂E /∂W1) = η (y – u)[(1-tanh2(X3(t)) –
cosh(X3(t))  or cos(X3(t))(cost)] V1            η   > 0 
    = η (∂E /∂W2) = η (y – u) [(1-tanh2(X3(t)) –
cosh(X3(t))  or cos(X3(t))(cost)]V2                                 (28)     

          
With W(0) = (W1 W2)’ (0) =:W0,V(0) = (V1 V2)’(0) 
=: V0 arbitrary.  
 
4.. OPEN MODEL 
 
In this section we present a particular class of open 
recurrent neural network with three node and is 
shown to possess a bounded solution. This open 
model does not contain limit cycle. 
 
              X1                   
U(t)                               W1 
                                                          X3 
                                                                          Y(t) 
                                                          
 
              X2                                W2                               
 
 

In this figure U (t) and Y (t) are the input and 
output respectively of the network. This recurrent 
neural network is described by the system of the 
differential equation. 
 
                                 (29)     
                                (30) 

     
                                                                            (31)                                     
  Y (t) = tan h(X3(t))  
 
 

 
 
Let 

 
 
 
 
The roots of the characteristic polynomial (A -λI)  
= 0 is given by.       
 
{- X1 + tan h (X1(t)) -λ}(- X3-λ) [{- X2 + tan h 
(X2(t)) -λ}]= 0 
 
λ = - X1 + tan h (X1(t)),  - X2 + tan h (X2(t)),     - X3 
 
Therefore the system of equation (29) -(31) has a 
saddle(unstable equilibrium)point at the origin.  
 In the view of equation (29) and (30) implies that 
X1 = X2   
 
Theorem 3. The set of equation (29), (30), and (31) 
gives a stable solution and  there exist a lyapunov 
function subject to the following conditions 
  

1. W1= W2 = W  

2. X1 = X2 = X 

Proof.   From (29) ,(30) and (31) we obtain the 

following equation 

                                   (32) 

                         (33) 

Consider lyapunov function defined by  

 
                                (34) 
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Calculating the upper right derivative D+V of V 

along the solution of (32) and (33)  

  D+V (t) ≤ |   (t) | + | (t) | + (1+2|W|)| 
                   [tan h X(t) –tan h X(0)] | 
 
Substituting the value of   and  from  
(32) and (33) we obtain   
 
  ≤ -| X|+| tan h (X(t)) -|X3 | + 2|W| | tan h (X(t)) |  
        + (1+2|W|) | [tan h X (t) –tan h X (0)] | 
 
   ≤ -| X3| - | X | +2 [1+2|W|] tan h (X(t))         (35)       
                                                                         
In view of (35)   

      

                              (36) 
 
It follows from (34) and (36) that V(t) is bounded 

an , boundness of V(t) an  implies 

that (X,X3) are bounded on  

4.1. Nature of solution 

In this section we shall study the nature of path near 

the equilibrium point of (32) and (33)here we apply 

Bendixson criteria for planar dynamical system [7]. 

 

 
 

 
 

                                      (37) 
                                                
  =  - 2 + Sech2(X(t))  
 
  =  - 2  + (1-tanh2(X(t)))  
 
Now the following case arises. 
           
Case-i      If    tanh2(X(t))  = 1,     
                             
                  
  
Case-ii    If      0< tanh2(X(t)) <1 
                                    
                 div[f,g] < 0 
                              

 In all the cases (i) and (ii) yields div[f, g] < 0  
therefore from Bendixson’s  criteria we  conclude 
that the system of equation (32) and (33) has no 
closed orbits.    
When t  - X , X3  and whenever 

t  X , X3  

Hence X =  X3 =  and X =  X3 =  are 

the. and  limit point of the trajectories of (32) 
and (33) respectively. 
 
5. TRAINING OF THE MODEL 

        This model can be trained by the same method 

as used for closed model and obtained the similar  

results, i.e. table 1 and table 2.  

 
6. CONCLUSION 

         In prior sections we have investigated  two models 

of a three node recurrent neural networks. In the 

first model a closed recurrent neural network is 

studied, with the help of lyapunov function we find 

that the solution is bounded. We further apply 

contraction mapping to prove uniqueness of the 

equilibrium point. The solution is bounded with a 

limit cycle around trivial equilibrium point. In the 

second model we consider an open three  node 

recurrent neural networks here we apply the 

Bendixson’s criteria, to show that their does not 

exist closed orbits. We also obtain and  limit 

points of the trajectories. In section three we  

trained the network for a periodic signal, sinhX3 (t), 

sinX3(t) or sint using gradient descent algorithm. 

Here we find that the network is trained in 

maximum time span of 1.8 seconds and the training 

accuracy for the network is up to the first place of 

decimal. We have suggested a method by which the 

training of the system is reduced appreciably as 

compared to the earlier method suggested by Ruiz, 

Owens and  Townley [8]. 
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APPENDIX 

TABLE-1 
Demonstration of   X1 , X2,  X3,   and   
correspond  of the initial condition X1 =0.0, X2 =0.1, 
X3 =0.2 and  η = .25, 
   
Table for SinhX3 
     
      
    X1(t)      X2(t)        X3(t)                               
             
  0.0            0 .1         0.2        -5.9 x 10-5   -6.4 x 10-5  
       
  0.2            0.3           0.4     -2.01 x 10-  3 -2.09x10-3 

      
  0.4            0.5          0 .6       -0.0145      -0.0147 
 
  0.6            0 .7         0 .8       -0.0544       -0.0540 
 
  0.8            0.9           1.0       - 0.1420      -0.1397 
    
  1.0             1.1          1.2        -0.3005      -0.2948 
             
 1.2             1.3          1.4         -0.5610      -0.5514   
     
  1.4             1.5          1.6        -0.9715      -0.9571 
      
  1.6             1.7           1.8       -1.6064       -1.5889 
 
 1.8            1.9             2.0        -2.5811       -2.560               
 
 
 

-3

-2.5

-2

-1.5

-1

-0.5

0
1 2 3 4 5 6 7 8 9 10

Serie
s1

      
In this above figure series 1 and series 2 shows data 
for   and   respectively. 
 
 
 
 
 

TABLE-2 
Demonstration of  X1 , X2,  X3,    and   
correspond of the initial condition X1 =0.0, X2 =0.1, 
X3 =0.2,and η = .25,. 
 
Table for Sinx3 
   
 

 
 
 
 
     
     
     
     
     
   
 
 

 

 

 

 

 

 

 

 

 

                   

 

 

0

0.05

0.1

0.15

0.2

0.25

1 3 5 7 9

Series1

Series2

 

In this above figure series 1 and series 2 shows data 
for  and    respectively. 
 
 

 X1(t)        X2(t)       X3(t)                                   
 
0. 0       0.1         0.2       1.95 x10-3    2.086 x 10-3   
  
0.2         0.3         0.4         0.0158          0.0165 
   

0.4         0.5         0.6         0.0469          0.0474 

     

0 .6        0.7         0.8        0.0894           0.0887 

      

0 .8        0.9        1.0         0.1318           0.1297 

    

 1.0        1.1        1.2        0.1667           0.1635 

    

 1.2        1.3        1.4       0.1920            0.1887 

   

 1.4        1.5        1.6       0.1962           0.2059 

    

1.6         1.7        1.8        0.2198            0.2174 

    

1.8         1.9        2.0       0.2265            0.2247   
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TABLE-3 
 
March of η = .25,.X1 ,X2 , X3, V1, V2,   and     
in the initial time (t = 0.0 – 1.8 sec) with the initial 
weight W1 = 0.5 and condition W1 +W2  = 0, from 
(9). Here tanh(X3(t)) = tanh(t) 
 
t         X1(t)              X2(t)         X3(t)          V1             V2        
                          
0.2  -0.7637   - 0.8187      -0.0049      -1.1347      -0.2195          
0.4   -0.4757     -0.6703      -0.0019      -1.1300      -1.2426       
0.6   -0.1745    -0.5488       0.0535       -1.1286      -1.2499            
0.8    -0.1049    -0.4493      0.1797      -1.1299       -1.2437                     
1.0   -0.3415    -0.3678       0.3325      -1.1329       -1.2280               
1.2    -0.5285     -0.3012      0.4628     -1.1372      -1.2068               
1.4    -0.6691     -0.2465     0.5545      -1.1420       -1.1832                        
1.6    -0.7710     -0.2019     0.6131      -1.1469       -1.1595         
1.8    -0.8432     -0.1653     0.6485      -1.1517      -1.1363              
             
 
                                              
     1.12 x10-3      1.20 x10-3          
     9.36 x10-3        0.0103            
     0.0309             0.0342              
     0.0740             0.0815                       
     0.1563             0.1549                
     0.305               0.324                   
     0.5616             0.5819                 
     0.9838             0.9946             
    1.6613             1.6400           
 
 

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

1 2 3 4 5 6 7 8 9

Series1

Series2

 
In this above figure series 1 and series 2 shows data 
for  and    respectively. 
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